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dynamics. !e "rst comes from the inte-
rior of large-amplitude (and nonlinear) 
internal waves on the continental shelf. 
In waters that are relatively devoid of 
small "sh and zooplankton, the prin-
cipal source of acoustic backscatter at 
120 kHz is the density and sound speed 
microstructure created by turbulence, a 
point made clear by broadband acoustic 
measurements through these waves that 
reveal the full spectrum of the back-
scattering that permits discrimination 
between zooplankton and turbulence 
(Lavery et al., 2010). In Figure 8, acous-
tic backscattering illuminates a train 
of billows with dimensions similar to 
those seen over Great Meteor Seamount 
(Figure 4 and accompanying text), but 
here embedded within a wave propagat-
ing toward the Oregon coast (Moum 
et al., 2003). !e sequence of rollups is 
identical in nature to Kelvin–Helmholtz 
instabilities observed in the laboratory 
and in small-scale simulations (Figures 2 
and 7). !e vertical scale of the largest 

rollup is more than 10 m, and the hori-
zontal scale (in the direction of wave 
propagation) is roughly 50 m. Toward 
the trailing edge of the wave, the rollups 
become less coherent but contribute a 
greater backscatter signal, indicating 
breakdown to turbulence. !e turbulent 
region between the two largest billows 
suggests the braid-centered second-
ary instability of Mashayek and Peltier 
(2011). At greater depth, denoted by 
arrows, are two more layers of bright 
backscatter. !ey are presumably the 
same phenomenon, but smaller scale; if 
so, the echosounder resolution does not 
permit a clear depiction of these deeper 
rollups. !e bright acoustic scattering 
tail of large-amplitude internal waves is a 
common feature on continental shelves. 

!e second example is from the upper 
equatorial ocean. !e signature equato-
rial current structure in the upper 150 m 
of the central Paci"c includes a strong 
westward surface current overlying an 
equally intense eastward undercurrent. 
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Figure 8. Example acoustical snapshot of a nonlinear internal gravity wave approaching 
the Oregon coast. "e wave propagates from left to right at speed Cw in this image. "e 
velocity in the upper layer is in the direction of Cw, and the resultant current shear defines 
the direction of the rollups in the billows. "e bright acoustic scattering layers result from 
reflections by density microstructure caused by turbulence. "e signal reveals a train of 
Kelvin-Helmholtz billows. "e structure located between the two largest billows may be an 
example of the stagnation point instability (Mashayek and Peltier, 2011).

computational capacity has increased. 
Early numerical studies assumed that 
momentum and mass di$use at the 
same rate, as is approximately true in 
air. Increasing computer size has also 
allowed simulations of instability in 
seawater, which is more di%cult due to 
the slow di$usion rates of heat and salt 
(Smyth, 1999; Kimura and Smyth, 2007; 
Smyth and Kimura, 2011). 

In the example shown in Figure 7, 
the di$usivities are characteristic of 
thermally strati"ed seawater (see Smyth 
and !orpe, 2012, for further details). 
Figure 7a shows the initial state—two lay-
ers separated by a thin transition layer. A 
small perturbation grows to form a train 
of KH billows, two of which are shown 
in Figure 7b. !e billows subsequently 
merge and develop two secondary insta-
bilities in sequence: convective secondary 
instability in overturned regions of the 
billow cores (Figure 7c, cf. Figure 6) and 
secondary shear instability in the braids 
(Figure 7d). !ese instabilities, and a 
complex combination of tertiary insta-
bilities, lead the &ow to a fully turbulent 
state (Figure 7e). Ultimately, turbulence 
decays, leaving a "eld of random IGWs 
propagating on a layer that has been 
dramatically thickened by irreversible 
mixing (Figure 7f, compare with 7a). !e 
statistical properties of simulated mix-
ing events like those shown here closely 
resemble those extracted from observa-
tions of turbulent patches in the ocean 
thermocline (Smyth et al., 2001).

OCEANIC OBSERVATIONS OF 
KH INSTABILIT Y AND THE 
TR ANSITION TO TURBULENCE
We next describe two examples of tur-
bulence arising from KH billows in 
disparate geographical locations and 
governed by very di$erent internal wave 

Kelvin-Helmholtz instability in atmosphere and ocean

(Smyth and Moum 2012 review article)
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Thorpe tilted-tank experiment

(from Smyth and Moum 2012)
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2010) and on the Oregon continental 
shelf (Moum et al., 2003, shown in 
Figure 8). "e question of which second-
ary instabilities are most important for 
the development of turbulence in oce-
anic billows remains unresolved. While 
complex, these secondary instabilities 
are not turbulent, so further transitions 
(i.e., tertiary instabilities and beyond) 
must be present. 
 
EVOLUTION OF THE 
INSTABILIT Y IN NUMERICAL 
SIMUL ATIONS
With recent increases in computational 
power, it has become feasible to study 
the energy cascade via direct simulation 
of the full three-dimensional dynam-
ics. "rough direct numerical simula-
tions, we are uniquely able to examine 
in detail the full evolutionary cycle of 
#ow instabilities. Simulations are limited 
by available computer memory and, 
therefore, cannot fully replicate the range 
of interactions that occur in geophysi-
cal #ows. However, with full resolution 
of the smallest scales, they reveal both 
the nonlinear evolution of the primary 
instability and the sequence of second-
ary instabilities that leads to turbulence. 
Moreover, simulations furnish a quan-
titative representation of the resulting 
turbulence and the mixing it causes. 

"e $rst numerical simulations of 
KH instability were restricted to two 
dimensions due to memory limitations 
(e.g., Patnaik et al., 1976; Klaassen and 
Peltier, 1985). "ese simulations con-
$rmed the primary instability but could 
not resolve the subsequent transition 
to three-dimensional motion. "ree-
dimensional simulations became pos-
sible in the 1990s (Caul$eld and Peltier, 
1994; Scinocca, 1995) and have been 
used in numerous studies since then as 

Figure 6. Secondary instability of a Kelvin-Helmholtz billow calculated using 
perturbation analysis. Colors show the perturbation vorticity field. Yellow 
indicates perturbations of the spanwise (y) vorticity that defines the primary 
instability. Red and blue show opposite signs of the streamwise (x) vorticity.

Figure 7. Direct numerical simulations of the density field at successive time in the life cycle of a 
Kelvin-Helmholtz billow train. Colors show density in the transition layer; upper and lower homo-
geneous layers are rendered transparent. (a) "e initial state is a two-layer flow, with a lower (dense) 
layer flowing to the left and an upper layer to the right. A small perturbation is applied. (b) Two 
wavelengths of the primary Kelvin-Helmholtz instability. (c) Kelvin-Helmholtz billows are beginning 
to pair. Secondary instability is visible in a cutaway at upper right, taking the form of shear-aligned 
convection rolls. (d) Secondary shear instability forms on the braids. (e) "e fully turbulent state. 
(f) Turbulence decays to form sharp layers and random small-scale waves.

(Smyth and Moum 2012)

~2010 numerical simulation
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(Chaboreau, Dauhut, …)

‘Hector the convector’
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Kiladis et al 2009

Time-longitude variation of tropical cloudiness
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Schematic of typical 
temperature, salinity and density 
profiles in the ocean

WOCE potential density s4 
(~150oW)

Nikurashin and Vallis (2011)

Ocean – density variation



Mathematical Fluid Dynamics Cargese 13-21 August 2021

stratosphere

troposphere
tropopause

Atmosphere  – temperature variation
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Direction of group 
propagation

Direction of phase 
propagation

Oscillating sphere

q

http://dennou-k.gfd-dennou.org/library/gfd_exp/exp_e/index.htm

(Professor Satoshi Sakai)

Link to movies -- http://dennou-k.gfd-dennou.org/library/gfd_exp/exp_e/exp/iw/1/res.htm

http://dennou-k.gfd-dennou.org/library/gfd_exp/exp_e/index.htm
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Atmosphere and Ocean in a Laboratory
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(Boehm and Verlinde 2000 ‘Stratospheric influence 
on upper tropospheric tropical cirrus)

Atmospheric equatorial Kelvin waves 
seen in radiosonde temperature profiles
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Kelvin wave laboratory experiment

http://dennou-k.gfd-dennou.org/library/gfd_exp/exp_e/index.htm

(Professor Satoshi Sakai)

Link to movies -- http://dennou-k.gfd-dennou.org/library/gfd_exp/exp_e/exp/kw/1/res.htm

http://dennou-k.gfd-dennou.org/library/gfd_exp/exp_e/index.htm

