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Hydrodynamic turbulence

The Navier-Stokes equation

v(x, t), incompressible fluid velocity in R3, satisfies

@+(V-V)v = —Vp+ vV + f(x,t)

ot
V-v = 0,

where
@ p(x,t) is the pressure,
e f(x,t) is external forcing,
@ v is the kinematic viscosity.

Kinetic energy:
E = /dx’gv(x, t)?.

E is conserved if v = f = 0. We take density, p = 1.
I



Hydrodynamic turbulence

The Navier-Stokes equation: Reynolds number

Non-dimensionalise:
e v — Vv (V: characteristic velocity scale)
@ x — Lx (L: characteristic length scale)
o t— Lt(alsop— V?pand f%ﬁ )
% +(v-V)v = —Ver%Vzqu f(x,t)
V-v = 0,

where Reynolds number is

R=—.

v
Turbulence: spatio-temporally disordered flow emerging as R — co.



Hydrodynamic turbulence

Visualisation of fluid turbulence in 3D

https://gfycat.com/@BlackByte

@ Energy is supplied to the flow at large scales. However, when
R > 1, viscosity can only dissipate energy at small scales.

o Key idea: separation of forcing and dissipation requires
transfer of energy across scales via the inertial term.



Hydrodynamic turbulence

The Richardson cascade: simple picture

Cartoon conceptualisation of the mechanism of transfer of energy
from large scales to small in turbulence: hierarchical vortex
instabilities.




Hydrodynamic turbulence

The Richardson cascade: backscatter

In practice, the inverse process (“backscatter") is almost as
prevalent.




Hydrodynamic turbulence

The Richardson cascade: less simple picture

The Richardson cascade should really be thought of more like this.
Energy is transferred from large scales to small on average - but the
fluctuations are strong.



Hydrodynamic turbulence

Rationale for a statistical theory of turbulence

Turbulent flows are chaotic: v(x, t) is not predictable.

However, the statistical properties of v(x, t) is are predictable - for
example moments of v(x, t).

Some important moments:

1

E= (5 Iv|?)  (mean energy)

1
Q= <§ IV x v[?)  (mean enstrophy)

e Mathematically, (.) usually denotes an ensemble average wrt
realisations of the initial condition.

e Experimentally, (.) usually denotes a spatial or time average.



Hydrodynamic turbulence

Stationary homogeneous isotropic turbulence

For turbulence in a bi-periodic box (no boundaries), we assume that
a statistically steady state is eventually reached in which forcing
and dissipation balance on average.

It is believed that at small scales, symmetries of the NS equation
are restored in a statistical sense [Frisch, 1995]. Moments of v then

have the properties:
e Stationarity: (vi(x,t)vj(X,t")) = f(x,x', t — t').
e Homogeneity: (v;(x,t) vj(x/,t))
e Isotropy: (vi(x,t)vj(X,t")) = f(|x —X/|,t,t).



Hydrodynamic turbulence

Global energy balance and dissipative anomaly

Average kinetic energy satisfies the global energy budget relation
1
Eat(v2) = (f-v) 4+ v{v- V3v). (1)

No contribution from the nonlinear terms.
In absence of forcing, mean rate of energy dissipation is:

e(v) = —% dr(v?) = —v(v - V2v). (2)

Dissipative anomaly (conjecture)

The mean rate of energy dissipation remains finite (and positive) in

the limit v — 0.
lim e(v) =€ > 0.
v—0




Hydrodynamic turbulence

Fourier space representation of the Navier-Stokes equations

To progress beyond global energy budget we need to quantify
Richardson's notion of motion at particular scales. The Fourier
transform is used to (imperfectly) do this:

, 1 :
_ ~ ik-x ~ _ —ik-x
v(x, t) = /dk U(k,t)e U(k,t) = 2n) /dx v(x,t) e "X
After some work, the it component of U(k, t) satisfies

(01 + vi?)51() = [ dpda Tym(k. . )3(p) 9m(a).
Here the summation convention is implied and

Kikm

Tijm(ka paq) = —ij <5im - |k’2

)st—p-a).



Hydrodynamic turbulence

Spectral energy density

Describes how energy is

/dk dklz 0i(k) 0;(k') 6(k + k') distributed across scales of

motion.
/ dk |V(

= / k) dk (assuming isotropy)

3
B /dk 0:(k) e27'k: X> E(k) is the spectral energy
2 ; ( I density.
3



Hydrodynamic turbulence

Kolmogorov 1941 phenomenology

If forcing injects energy at mean
rate (f - v) =€ > 0, global energy
balance implies the mean rate of
energy dissipation in the steady
state is also e.

Kolmogorov 1941

When v — 0, in the inertial
range, E(k) depends only on ¢
and k.

Dimensional analysis: [k] = L1,
[E(k)] = L3T2, [e] = L2T 3.

oA

E() v g5 K3

N30)

30

INERTIAL TRANSFER
—s > —

Toﬂzita ‘lll

This suggests

E(k) = Ce3 k3.



Hydrodynamic turbulence

Filtering

A spectral band-pass filter can split v into large and small scale
contributions at a selected length scale, / = K~1:

v(x, t) = U(x, t) + u(x, t),

where

U(x,t) = /dk Uk, t) e u(x,t) = /dk G(k, t) e,

|k|<K |k|>K

Cumulative mean energy between wavenumbers 0 and K:

ECO— U = [ ERak 3)
k<K



Hydrodynamic turbulence

Scale-resolved energy balance - cumulative version

Cumulative energy satisfies the scale-resolved energy budget
relation:
O EX) 4 ) = _2p(K) 4 F(K) (4)

where

1
QK) — §<‘V > U\2> = / k? E(k) dk (cumulative enstrophy)

k<K
F(K) — f-U) = / i?(k) -v(k) dk (cumulative energy input)
lk|<K
nK — (u-(u-vU)4u-(U-VU)) (energy transfer)

see Frisch, Eq.(2.52)



Hydrodynamic turbulence

Scale-resolved energy balance - local version

Differentiating with respect to K gives a local equation for the
spectral energy density, E(k):

OE(k) onk)

52
ot + P 2k“E(k) + F(k). (5)
where )
OF
F(k) = 5K

The scale resolved energy budget equations express the physically
reasonable fact that in the inertial range, where forcing and
dissipation are negligible, the rate of change of energy at a given
scale is equal to the flux of energy through that scale due to the
energy-conserving nonlinear interactions.



Hydrodynamic turbulence

Constant flux condition

Assume that:
o We reach the stationary state: 9;E(K) = 0.

@ K is outside the forcing range so the cumulative energy input
becomes the total energy input, e.

Scale resolved energy budget relation becomes
1K) = —2,00K) 4 ¢,

Now take the limit v — 0. The energy transfer is now constant (as
a function of K) and equal to e:

Nt =e. (6)

This relationship is exact for stationary, homogeneous, isotropic
turbulence.



Hydrodynamic turbulence

Energy transfer and velocity increments

Consider velocity increments in physical space:

dv(r,t) = v(x+r,t) —v(x,t)

r
ovj(r,t) = [v(x +r,t) —v(x,t)] - m
It is possible (not obvious - see Frisch Egs. (6.17) &(6.24)) to
show that M) can be expressed as a Fourier sine transform of a
particular 3rd order correlation function of velocity increments:

N — _877112 drSin (rKr) V- <’5V(f)|25v(r)>
_ 1 [ drsin(Kf) (1+r8,)(3+ rd,)(5 + rar)w

_6?0



Hydrodynamic turbulence

Kolmogorov's %—Iaw

Letting x = Kr, the relation
M) = ¢ becomes

L e )

where
_ 53(n)
F(r)=(14r0,)(3+rd,)(5+rd,) 3.

F(r) must become constant, c,
as K — oo. Noting that

oo H

s
/ lnde:E
0 X 2

we need ¢ = —12e.

Thus in the inertial range limit
K — o0, 5/(r) satisfies an ODE:

(1478, )(3+rd,)(5+rdr) 3 =—12¢
The general solution is
—4 -2 4
S3(r)=ar “+cr +C3—ger.

Solution vanishing as r — 0 is

4
S3(r) = —=er (7)
5
This is Kolmogorov's %-Iaw.



Wave turbulence and cascade phenomena

Nonlinear wave equations and wave turbulence

Besides N-S, many nonlinear
PDEs have conserved quantities.
Expect similar cascade
phenomena when subjected to
forcing and dissipation that are
separated in scale.

Wave turbulence is the theory of

cascade phenomena in nonlinear Forcing,
dispersive wave equations:
o Wave spectrum

3¢ = LW TN +T,

e = (i),
where I represents forcing and (i)
dissipation. analogous to E(k) in N-S.



Wave turbulence and cascade phenomena

Example 1: Nonlinear Schrodinger equation

NLS is a Hamiltonian equation
for complex field, ¥(x, t):

0

S =~V VO + gy
oA
-

Image: NIST/JILA/CU-Boulder.

where (we take V(x) = 0)
, .4 Applications:
H= /dx [WW + 5 "] - @ Bose-Einstein condensates.

@ Nonlinear optics.

Two conservation laws: )
@ Modulation of

°H. ) monochromatic dispersive
o N = deWJ| . wave trains.



Wave turbulence and cascade phenomena

Example 2: Water wave equations

Motion of free fluid surface Mathematical model:
subject to gravity and surface incompressible, irrotational fluid
tension: with free surface z = n(x, y, t):

Free Suarace
AQTACE
LS -sr;_ﬂs\nl‘ - ==7 (2454)
) 4
=0

2 7

GRaiTy,
J'a

= —h[i,l.&)

I-x’a

\RRoTATIONAL

Two limiting regimes: capillary waves (short wavelengths) and
gravity waves (long wavelengths).



Wave turbulence and cascade phenomena

Example 2: Water wave equations

V26 =0 on —h(x,y) <z < (x.y.t)
g—¢+v¢~w=o on z = h(x,y)
on _On
E“_VQS V 62 Onz—n(vavt)

8¢ Vn —
8t |v¢| +g77_p <\/m> Onz_n(xvyvt)

Conservation law: H = [ H dxdy

n(x,y,t)
1 1
H= / S |Vo dz+ Zn? + g(\/1+|v77|2—1)
2 2 P
7h(X7y)

2D Hamiltonian structure is non-obvious (Zakharov, 1968)



Wave turbulence and cascade phenomena

Example 3: Barotropic Potential Vorticity equation

o oy DY OV OYIVRH
VTR S e, "oy ax

Velocity (“geostrophic wind"):

v=V XxX19(x,y,t)2.

Two conservation laws:

_1 2 2
_2/dx[|V¢J| + Fy?],
Q= > / dx [V P — FIZ)] Image: NASA/GSFC.

BPV equation models the large

E'is the energy. @ is the scale dynamics of Rossby waves.

“potential enstrophy”.



Wave turbulence and cascade phenomena

Example 4: Foppl-von Karman equation

Displacement, ¢, and 2D stress,
X, in a thin elastic plate satisfy:

9*¢ D 4
P =3V ¢ HN I
E
V4X: _E‘C[C7C]7 :i
Constants: p - density, h - "
thickness, D - bending stiffness, " ;
E - YOUng’S mOdUlUS. “20 02 0.4( )o:. "o o2 0.4( )o. 5
0>f 32g 0?f 82g Image: Miquel et al., PRL (2013).
N[f7g] ~ 3.2 2 ) )
0x? dy Ox0y OxQy
0°f 9%°g

T oo




Wave turbulence and cascade phenomena

Fourier space representation of equations of motion

With appropriate choice of (complex) variables, ai, the equations
for each of these examples can be written (roughly) as:

. k k
Orak + iwgakx = /dkldk2 Tk1k2 Ak; Ik, 5k1kz
or
Orax + iwkak = | dkydkodks TEKL af 3 ay, oK<
tak + lwkak = 1GK20K3 T k3 Fkg Fk2 Fks Ok, ks

Here we use compactified notation for the Dirac delta function:

Ok, = 0(k — k1 — ko)
St = 0(k + kg — ko — ks).



Wave turbulence and cascade phenomena

Example: the Nonlinear Schrodinger Equation

NLS is equivalent to

: _ kki _x kk1
c%ak + lwkak = /dkldkzdk:g Tk2k3 akl Ak, ks 5k2k3

where
ak = Pk
wi = k2
kki .
Tk2k3 =—ig

The cubic nonlinearity means that waves interact in quartets. The
NLS is an example of a 4-wave interaction.



Wave turbulence and cascade phenomena

Example: the Barotropic Potential Vorticity Equation

The BPV equation is equivalent to

Oa .
37: + I Wk Ak = /dkldkz Wll(l ko akl ak2 (5::1 ko>
where
k2 +F »
a = (o
V1 kx|
ke
kT TR F

WP = _1 ’qx| |rx| (q X r)z (q2 — r2)
T2 el @ AR

The quadratic nonlinearity means that waves interact in triads. The
BPV is an example of a 3-wave interaction.




Wave turbulence and cascade phenomena

Wave action variables

The variables ay are chosen so

© the (quadratic part of the)
spectral energy density takes
diagonal form:

Ex = |wi| nk.

@ lowest order “non-resonant"
terms are removed from the
equations of motion.

Point 1 can be messy but is
usually straightforward. Point 2,
although not always needed, can
be very non-trivial.

The ay for water waves are
non-trivial in this respect:

Ak
ﬁnk 5 Pk

where 7, and @y are the (2D)
Fourier transforms of n(x, y, t)
and ¢(X7Y7Z = n(Xa.ya t)v t)
respectively and

ak =

Wk
g+ok?/p

Wk = \/k(g + ok?/p) tanh(kh).

Ak =




Wave turbulence and cascade phenomena

Interaction coefficients in wave action variables

For the water wave example, the transition to wave action variables

results in some very complicated expressions for the wave
interaction coefficients (from ZLF book):

1 g\ B\
Ukiz=Vognz = ' (@) (k1 k2 + klkz)(m)

b\ N7 (1.2.43a)
+(kkq +kk1)(k—k1) +(kkz+kk2)(k—k2) .
(kkikoky)' /2
W(k1,23) = W_[R(MBH R(k123) (12.438)
— R(k213) — R(k312) — R(12k3) — R(13k2)] ,
kk
R(k123) = () (206 + ) (12430

— |k —ka| — |k — k3| — |ky — k2| — k1 — k3]l .

The Foppl-von Karman example is also quite complicated
forward we will take the equation for gy as given.

. Going



Wave turbulence and cascade phenomena

Cascade phenomena in general

Hydrodynamics is one a of a
broad class of driven-dissipative

A
systems that exhibit cascade >
phenomena. Examples: %Q
o Wave turbulence. Z:‘f - H
w - 3
o Condensed matter: BECs 2| (% 2.
_ 28 12 AN T
@ Soft matter: Aggregation- .jﬁ T '""“Q‘;;:’:;R‘“ﬂ"“‘? l,\

L
A 7
“scalE', Kk

fragmentation
o Self-organised criticality
Common features:

@ a conserved quantity, H, preserved by interactions,

@ sources and sinks of H that are strongly separated.



Wave turbulence and cascade phenomena

Direct and inverse cascades

Distinguish between direct and inverse cascades depending of the
“direction” of transfer:
| NUERSE caccADE

A DIRECT caccAdE 4
>~ 2
zZ A qa Q
() 2 <
3% < ot
R L% 3 o
Byl (s 3 sl $
z 3 s ok §
P
B3] |2 AN ML ey ey
e & B lé INTERACT iON — MEGIATED
3 ¢é T INTERACT ioN — MEGIATED <L\ J 47 TRANSFER e
. N
[ SRARSTER ‘ N : "wscare* E
< 7 LE, K

.
7 \d
"scaLE', k



Dimensional analysis and phenomenology of wave turbulence

Schematic structure of WT problems

Schematically, the equation of motion in Fourier space is:

aa . n— n n—
O i ak+/(dk) L) (a)" L 5(K). (8)

Spectral energy density in
Many systems of interest are isotropic case:
scale invariant. We can write

E:/|wk nkdk

Wk = C k<
o0
(n) _ n _ _

Wkrlll...k,,,l = gk7 fkkl...k,,,l' = /Ek dk = /0 Ek dk.
Here o and 7, are scaling Scale-by-scale energy budget:
exponents and ¢ and g are
dimensional constants. OE,  0Jk

Ot - Ok



Dimensional analysis and phenomenology of wave turbulence

Physical dimensions of relevant quantities

Dimensional analysis allows us to orient ourselves before doing any
detailed calculations.

[K]=L"Y [dk]=L"9 [6(k)]=1LY [w]=T"1

Since E = [ wyakajdk: From the definition of the
spectrum
[a] = E2 Tz L2. (aka,) = n(k) d(k — k') we find
From the dynamical equation we [n] = ET.

can then infer that o o
Final ingredient is the energy

[c]=1oT 1 dissipation per unit volume, J:

[g] = E% T_gL(nEZ)CH_'Y", [J] — ETflLfd‘



Dimensional analysis and phenomenology of wave turbulence

Look for universal steady states

Assume that in the inertial range, n, depends on ¢, g, J and k only:
nk — CLIgV JW k*X
Dimensional analysis:
ET = (L°T1)" (525" 75 L(%)‘”%) ' (ET*lL*d) e

Get 3 equations for 4 unknowns, u, v, w and x:

2 _
<2n>v+W:1

n
—u—zv—w=1

2

-2
au+ <<,72>d+7n> v—dw=—x.

Kolmogorov dimensional argument is under-determined for wave
turbulence without additional constraints.




Dimensional analysis and phenomenology of wave turbulence

Dimensionally consistent spectra

Special cases:

We can solve these equations for ® u=0-no c dependence:
any fixed x: 2
x = 20 +d
29p+ (n—1)d — (n— 1)x n—1
u=
(n—1)a—n This is the
L 20+ d — x Kolmogorov-Zakharov
- (n — 1)@ — Yn spectrum.

(n—2)x+2a—2v,— (n—2)d @ w =0 - no J dependence:
2((n = 1) = n) '
29, — 2
x= STy

In principle, any scaling is n—2
possible but special spectra

L This is the Generalised
appear as limiting cases.

Phillips (or "Critical
balance" ) spectrum:.
I



Dimensional analysis and phenomenology of wave turbulence

Timescales and the weakly nonlinear regime

If e ~ k= then

There are two timescales in Eq. (8). A linear timescale results from
comparing Jrak to wyay:

T~ k™% (9)

A non-linear timescale results from comparing 9;ay to the
interaction term:
TNL ~ k77"+(571)(xid). (10)
If the 71, <« 71, @s k — 00, the nonlinear evolution becomes slow
as we enter the inertial range:
TiL’ ~ k—a—i—'y,,—%z(x—d) <1
TNL

This is equivalent to assuming the nonlinearity_becomes weak.



Dimensional analysis and phenomenology of wave turbulence

Consistency of weak nonlinearity: weak vs strong wave
turbulence

KZ spectrum:
If x = % +d,

Lk < 1L

TNL
is violated as k — oo if
Yo — (n—1)a > 0.
This is the “breakdown criterion"
of Newell et al. (2001)
If o —(n—1)a > 0, the KZ
spectrum is inconsistent with
weak nonlinearity.

Generalised Phillips’ spectrum:
29—
If x = =I=% +d
IR
TNL

Hence the term “critical balance".

Generalised Phillips scaling is
believed to be relevant to strong
wave turbulence.



Dimensional analysis and phenomenology of wave turbulence

Finite and infinite capacity cascades

If forcing supplies energy at a Infinite capacity if
constant rate, E ~ Jt, how long 5
does it take to “fill" the KZ a— I <.
spectrum? n—1
The energy of the system is Finite capacity if
kp 2
E~/ wienck?Ldk a— =" <o
ke n—1
k
- / ° KOk~ ,fZ”l—dkd—ldk Finite capacity systems might be
ke expected to exhibit a dissipative

kp (a—2m) 1 anomaly since the capacity of the
N/k K= dk spectrum will be exceeded in
J finite time even as kp — oo.

27y
kai nfri
~Ap
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